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Abstract
A mechanism is proposed for the growth of vesicles dispersed in a liquid solvent and a size distribution
function is obtained for the vesicles, both from the first principles calculations. This distribution function
is shown to be positively skewed and evolving in time obeying a Fokker-Planck type equation. The critical
size of the spherical vesicles is shown to grow in time with an exponent of 0.25. A constant is suggested
that characterizes how easily a vesicle can absorb amphiphiles into its periphery.
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1 Introduction
Amphiphilic molecules can aggregate in a solvent to form different interesting structures. The structure of
our interest is called vesicles, in which the amphiphilic bilayer can form hollow sphere. The medium inside
such a vesicle can have the same or different concentration than the solvent outside but, for our purpose, we
will consider same concentration of the solvent both inside and outside the vesicle. The natural assemblance
of the amphiphilic bi-molecules to form such symmetric structures, due to its simplicity and homogeneity in
composition, can work as a potential tool to understand the dynamics at the mesoscopic scale. Consequently,
these systems have been a subject of wide theoretical studies.
Vesicles were observed for the first time more than fifty years ago [1] and since then, they have been used
to improve our understanding of a number of cellular processes [2–5], and also in various industrial and
commercial applications [6]. Along with experimental progress, there have been many important theoretical
development in understanding the formation and growth of this biological system. Helfrich, in his famous
work on the lipid bilyer elasticity [7], derived the curvature contribution to the free energy and worked on
ellipsoidal deformation of the spherical vesicular structure by magnetic fields. Morse and Milner, in their
work [8], added the finite size contributions to the free energy derived by Helfrich. They showed that the free
energy depends on the vesicle size logarithmically. There were several important works before this as well,
arguing the existence of the c lnN contribution to the free energy [9,10], with c being a constant and is less
than zero and N being the number of bi-molecules in the vesicle. Morse and Milner found that c is positive
with a value of 7/6 (we will show in a later section how the signature of c will be constrained from the drift
of the vesicle size distribution). Several models have been proposed in literature on the positively-skewed
size distribution of the vesicles in a solvent [8, 11] as well.
This work is motivated by a recent observation that the mode of the vesicle size distribution grows in time
with a scaling exponent of 1/4 for some vesicles [12]. This was found by assuming that the characteristic
scale associated with this process has a power-law dependence on time, l(t) ∼ tξ, and then ξ was fitted to
experimental data. In this work, we find out, from first principles calculations that, for an ideal spherical
vesicle, the scaling exponent of the exosome size growth is indeed 1/4 for the critical radius. This helps us to
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develop a formalism to understand the equilibrium size distribution of vesicles at a given time and its time-
evolution of such a system that contains vesicles in aggregate of different sizes. We obtain a Fokker-Planck
(FP) equation that will dictate the dynamics of the vesicle-growth process. FP equation has been previously
used in [13] to understand the formation of spherical vesicles but we will focus primarily on vesicle-growth
in this work. To characterize how easily an amphiphilic bi-molecule can assimilate into the periphery of a
given vesicle, we also propose a constant in this work. This constant will be determined by the detailed
chemical and structural properties of any vesicle.
We assume in this work that the dissolution or the growth of the vesicles proceeds through the emission or
assimilation of a single amphiphile bi-molecule from the periphery of the vesicles. We have also used the
principles of detailed balancing which will hold only when the system is in thermal equilibrium states at all
time. Both the assumptions are justified because the vesicle-growth, as found from the experiments, is a
sufficietly slow process. Moreover, several interesting properties of the system have direct correspondences to
the specific features of the thermodynamic functions, such as free energy. This helps us in two ways: (i) we
can come up with the constraints that these functions should satisfy by simply analyzing their consequences
to a real system and comparing with the observations, (ii) finding the effect of such functions on the size
and time-evolution of the system gives us an intuitive understanding of the corresponding system. This
also allows to specify the constants characterizing such processes (e.g. coefficiient of assimilation) from the
constraints imposed by observations about the vesicle sizes and their time-evolution.
The structure of this paper is as follows. In Section 2, we will find out that the chemical potential corre-
sponding to the vesicle growth processes is effectively a constant for large size of vesicles. In Section 3, we
will assume a size distribution function for the vesicles in the growth phase and will derive a Fokker-Planck
equation using principles of detailed balancing. This will give us an FP equation for the time evolution of
the vesicle size distribution in general. In Section 4, we will use this equation for the special case of spherical
vesicles to derive the scaling exponent 0.25 of time for the growth process. We will discuss our findings in
Section 5.
2 Thermodynamics of vesicle formation and growth
When a large number of amphiphile bi-molecules are dissolved, vesicles can be formed in the solvent. In this
process, entropy of the solute amphiphiles increases along with an increase in their interaction free energy.
The former is due to the increase in the count of all possible microstates of the system, while the second
effect is attributed to the fact that the amphiphiles like to be surrounded by similar bi-molecules than the
solvent molecules. Structure formation by these amphiphiles becomes possible when the interaction energy
dominates the energy associated with the increase in entropy. In what follows in this section, we will show
that when such vesicles are formed, the chemical potential of the vesicles is the same for the sufficiently large
size.
Let’s imagine that vesicles in aggregate of different sizes {i} are present in the solvent, with i being the
number of amphiphile bi-molecules in a given vesicle, and let’s say there are Ni number of vesicles in
aggregate-i. From the first law of thermodynamics, we can write
d¯Q = dU + PdV, (1)
where d¯Q is the heat gained by the system, U is the internal energy, P is the pressure and V is the volume.
Because the system is not thermally isolated in general, second law gives us
dU + PdV ≤ TdS, (2)
where S is the entropy of the system. Because we have different sizes of vesicles, the energy density of the
system will depend on the relative amounts of the aggregates and thus, we have to add one more term to
the above expression to write
dU + PdV −
∑
i
µidNi ≤ TdS, (3)
Here µi denotes the chemical potential of a vesicle that belongs to the aggregate-i. The change in Gibbs
Free Energy dG = dU + pdV − TdS should be less than zero for any spontaneous process (and is zero for
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Figure 1: 2-dimensional projection of a vesicle(on the left) with amphiphilic bi-layer. If this vesicle has
i number of amphiphilic bi-molecules, it will belong to aggregate-i. Each amphiphile(on the right) has a
hydrophobic tail and a spherical hydrophilic head of radius a.
processes at equilibrium). Combining this with Eq. (3), we get
∑
i
µidNi ≤ 0. (4)
Because vesicle growth is a very slow process, we assume that this is in equilibrium:
∑
i
µidNi = 0. (5)
Now, if some vesicles of aggregate-i absorb the same number of vesicles of aggregate-j to form vesicles of
aggregate-(i+ j), then −dNi = −dNj = +dNi+j . Using this condition in the above equation, we get
µi + µj = µi+j . (6)
From the above expression, we can write
µi + µj+δn = µi+j+δn. (7)
Taylor-expanding the second term on the left hand side and the term on the right hand side and ignoring
the higher order terms O(δn2) for δn≪ i, j, we get
µi + µj + δn
dµj
dn
= µi+j + δn
dµi+j
dn
(8)
Using Eq. (6) again gives us
µn = constant (9)
for sufficiently large n. This is a very important relation and will determine the equilibrium size distribution
of the vesicles. This tells us that the large-sized vesicles will be in equibrium and will not like to exchange
amphiphiles, but they can grow in size by absorbing bi-molecules from small vesicles. This will lead to
a specific scaling exponent in time-dependence of the distribution function, as will be shown in the next
section.
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3 Size distribution function of the vesicles
We assume a distribution function for a vesicle of volume V , containing n bi-molecules at time t. This is
similar to a probability density function at a given time if normalized to unity:
f(n, V, t) = ψ(n, t)δ(V − V (n)), (10)
where the delta function is basically implying that the volume of the vesicle is determined by the number
of bi-molecules on its surface. The size-dependence and the time evolution of this function will be dictated
by thermodynamics. The size of the vesicle changes by aggregation or dissociation of amphiphile molecules
and can be expressed by a kinetic equation
∂f(n, t)
∂t
= α
(+)
n−1,nf(n− 1, t)− α
(−)
n,n−1f(n, t) + α
(−)
n+1,nf(n+ 1, t)− α
(+)
n,n+1f(n, t), (11)
where α
(+)
i,i+1 is the average number of events per unit time that one bi-molecule is absorbed by the vesicle
to increase the total number from i to i+ 1, α
(−)
i,i−1 is the average number of events per unit time that one
bi-molecule is released from the vesicle to decrease the total number from i to i− 1. Defining the flux Jn as
Jn = α
(+)
n,n+1f(n, t)− α
(−)
n+1,nf(n, t), (12)
we can write
∂f
∂t
= − (Jn − Jn−1) . (13)
The absorption and emission coefficients α(+) and α(−) can be determined from the kinetics of the corre-
sponding process. For a vesicle of critical radius, aggregation and dissociation cancels out each other exactly
and assuming the following equilibrium distribution of the vesicle
f (eq)(n) ∼ exp
[
−
Rrev(n)
kBT
]
, (14)
where Rrev(n) is the work of formation of a vesicle consisting of bi-molecules done in a reversible process.
For constant temperature and pressure, this is basically the Gibbs free energy:
Rrev(n) = ∆G(n). (15)
From this point onwards, we will call ∆G as free energy. Now, we use the principle of detailed balancing to
write
α
(+)
n,n+1
α
(−)
n+1,n
=
f (eq)(n+ 1)
f (eq)(n)
= exp
[
−
(
∆G(n+ 1)−∆G(n)
kBT
)]
. (16)
Using these will eventually lead us to a Fokker-Planck equation that can describe time-evolution of a vesicle
during the nucleation and growth processes:
∂f(n, t)
∂t
= −
∂J
∂n
, (17)
where
J(n, t) = −α
(+)
n,n+1
[
∂f(n, t)
∂n
+
f(n, t)
kBT
∂∆G(n)
∂n
]
. (18)
Similar expressions are used for a lot of other thermodynamic systems, as shown in [14]. The first term in
Eq. (18) is the diffusion flow rate and the second term corresponds to thermodynamic flow rate or the drift
flow rate. The first term in Eq. (18) describes the size distribution cloud spreading diffusively while the
second term denotes the peak of the same cloud drifting towards a different n-value. In the absence of the
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second term, this becomes a zero-drift equation with constant diffusion and the peak of the size distribution
simply spread out but doesn’t move. Thus, we can see from Eq. (18) that it is the size-dependence of the
free energy which is pushing the peak of the distribution function to the right and thus dictates the critical
growth rate of the vesicles.
Let’s recall briefly a few ideas about stochastic processes such as the one we are dealing with in this work.
We can consider a stochastic differential equation of the form
dn = µ(n, t)dt+ σ(n, t)dWt (19)
where µ is a K-dimensional vector, σ is an K ×K matrix and dWt is a M -dimensional vector that denotes
the infinitesimal increment in the Wiener process with the property that
〈Wt〉 = 0, (20)
〈WtWt′〉 = min(t, t
′). (21)
Any process corresponding to Eq. (19) is called Itoˆ process. Corresponding to this process, there exists a
Fokker-Planck equation satisfied by the conditional probability density P (n, t|n0, t0) of the random variable
Nt:
∂P (n, t)
∂t
= −
K∑
i=1
∂
∂ni
[µi(n, t)P (n, t)] +
K∑
i=1
∂2
∂ni∂nj
[Dij(n, t)P (n, t)] (22)
In Eq. (22), µ is called the drift vector and D = 12σσ
T is called diffusion tensor. We have used tensor
indices in Eq. (22) to show the dimensionality of each term explicitly. Defining the diffusion current using
Fick’s law
J idiff(n, t) = −D
ij ∂P (n, t)
∂ni
(23)
and the drift current
J idrift(n, t) = µ
i(n)P (n, t), (24)
we can write the Fokker-Planck equation, Eq. (22), as
∂P (n, t)
∂t
= −
∂
∂ni
[
J idrift(n, t) + J
i
diff(n, t)
]
(25)
Comparing Eq. (24) and (25) with Eq. (17) and Eq. (18), we get that the drift current
Jdrift(n, t) =
αn,n+1
kBT
∂∆G
∂n
f(n, t) (26)
and the drift vector
µ(n, t) =
αn,n+1
kBT
∂∆G
∂n
. (27)
Notice that this framework can be applied generally for any vesicle systems. In the next section, we are
going to assume spherical vesicles and derive a more specific equation governing the time-evolution of such
a system.
4 Time-evolution of the size distribution
We can see from Eq. (18) that we need the free energy of the vesicle in order to find out the size distribution
and the dynamic scaling of the vesicle. Free energy is different for different structures but we consider here,
for simplicity, an aggregate of spherical vesicles. We use the same form of the free energy for a spherical
vesicle as obtained in [8]:
∆G(n) = 8pi(κ+
1
2
κ¯) + kBT (const.)− ckBT lnn . (28)
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In the above expression, κ and κ¯ are the vesicle’s bending rigidity and gaussian rigidity, T is the temperature
of the system, n is the number of bi-molecules in a given vesicle, kB is the Boltzmann constant and c is
another constant. Because the first term in the right hand side is scale-independent, the phase behavior
is dictated only by size-dependent contribution coming from the last term in that expression. Notice that,
the logarithmic dependence of that term tells us that the chemical potential is effectively a constant near
the critical radius of the vesicle, as expected from Eq. (9). Using Eq. (17) and (18), and assuming that the
diffusivity remains constant during the growth process (αn,n+1 = D0 for sufficiently large n), we get
∂ψ
∂t
= D0
∂
∂n
[
∂ψ
∂n
+
ψ
kBT
∂∆G
∂n
]
. (29)
Comparing this expression with Eq. (22), (24), (27) with the above equation, we get the drift speed of the
size distribution function assumed in Eq. (10):
u(n, t) =
∂nM
∂t
=
cD0
nM
. (30)
Here nM denotes the mode size at a given time. Thus,
nM (t) =
√
2cD0 t
1/2 ∼ t1/2 . (31)
Comparing the above expression with the experimental result, we can get the diffusivity constant corre-
sponding to this process. We can express the same differential equation in terms of the radius of the vesicle
using
n =
4piR2
pia2
=
4R2
a2
, (32)
where R is the radius of the vesicle and can be measured experimentally, and a is the radius of the cross-
section of the hydrophilic head of the vesicle. This gives the the dependence of the critical radius on time:
Rc =
a
2
(
7D0
3
t
)1/4
∼ t1/4 . (33)
The scaling exponent of time in the above equation is 0.25. It is worth mentioning here that, in [12], the
authors found a similar result by assuming a power-law scaling of the mean diameter and fitting the exponent
to their experimental data. Also, our observable is the size of the vesicles and it will be more helpful to
express Eq. (29) in terms of the radius of the vesicles.
dn =
8RdR
a2
, (34)
and thus, from Eq. (29),
∂ψ
∂t
=
D0a
4
64R2
[
∂2ψ
∂R2
−
(
1 + 2c
R
)
∂ψ
∂R
+
4cψ
R2
]
. (35)
5 Conclusion
We have given a framework under which we can calculate the time evolution of size distribution of the
vesicles, and showed that the critical size of sphericle vesicles will grow with time with a scaling exponent of
0.25. This is derived in a straightforward way, first by assuming that the free energy is only logarithmically
(i.e. slowly) varying with the number of bi-molecules, thus the chemical potential being a constant effectively
for sufficiently large size of vesicles, and then finding out how the size distribution will evolve by writing
down the Fokker-Planck equation corresponding to the process of bi-molecule exchange between different
aggregates. Furthermore, we have proposed a constant to characterize the ease of diffusivity of an amphiphile
bi-molecule into the periphery of the vesicle. The chemistry and the detailed structural properties will be
encoded in this constant while the growth process will be dictated by thermodynamics. This means any
deviation from the ideal value of this constant (i.e. value obtained from this work for a spherical vesicle
with same solvent with similar concentration inside and outside) can give us information about the physical
or chemical interactions or any other form of perturbations playing a role in the system. All these behooves
further investigation with more complicated vesicle systems. The scaling exponent will vary similarly for
non-ideal structures but we can use the same underlying theory mentioned in this article to comment on the
compositions and geometry of the corresponding vesicles, scope for future work.
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